We unify the concepts of G-metric, metric-like, and b-metric to define new notion of generalized b-metric-like space and discuss its topological and structural properties. In addition, certain fixed point theorems for two classes of G--admissible contractive mappings in such spaces are obtained and some new fixed point results are derived in corresponding partially ordered space. Moreover, some examples and an application to the existence of a solution for the first-order periodic boundary value problem are provided here to illustrate the usability of the obtained results.
Introduction and Mathematical Preliminaries
The concept of a -metric space was introduced by Czerwik [1] . After that, several interesting results about the existence of fixed point for single-valued and multivalued operators in (ordered) -metric spaces have been obtained (see, e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] ).
Definition 1 (see [1] ). Let be a (nonempty) set and ≥ 1 a given real number. A function : × → R + is a -metric on if, for all , , ∈ , the following conditions hold: In this case, the pair ( , ) is called a -metric space.
The concept of a generalized metric space, or a -metric space, was introduced by Mustafa and Sims [12] .
Definition 2 (see [12] ). Let be a nonempty set and : × × → R + a function satisfying the following properties:
( 1 ) ( , , ) = 0 if and only if = = ;
( 2 ) 0 < ( , , ), for all , ∈ with ̸ = ; ( 3 ) ( , , ) ≤ ( , , ), for all x, , ∈ with ̸ = ; ( 4 ) ( , , ) = ( { , , }), where is any permutation of , , (symmetry in all three variables); ( 5 ) ( , , ) ≤ ( , , )+ ( , , ), for all , , , ∈ (rectangle inequality).
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Example 5 (see [14] ). Let = R; then the mappings : × → R + ( ∈ {2, 3, 4}) defined by 2 ( , ) = | | + + , 3 ( , ) = | − | + − ,
are metric-likes on , where ≥ 0 and ∈ R.
Definition 6 (see [15] ). Let be a nonempty set and ≥ 1 a given real number. A function : × → R + is ametric-like if, for all , , ∈ , the following conditions are satisfied:
( 1) ( , ) = 0 implies = ; ( 2) ( , ) = ( , ); ( 3) ( , ) ≤ [ ( , ) + ( , )].
A -metric-like space is a pair ( , ) such that is a nonempty set and is a -metric-like on . The number is called the coefficient of ( , ).
In a -metric-like space ( , ) if , ∈ and ( , ) = 0, then = , but the converse may not be true and ( , ) may be positive for all ∈ . It is clear that every -metric space is a -metric-like space with the same coefficient but not conversely in general.
Example 7 (see [8] ). Let = R + , let > 1 be a constant, and let : × → R + be defined by
Then, ( , ) is a -metric-like space with coefficient = 2 −1 .
The following propositions help us to construct some more examples of -metric-like spaces.
Proposition 8 (see [8] From the above proposition and Examples 4 and 5, we have the following examples of -metric-like spaces.
Example 9 (see [8] ). Let = [0, 1]. Then, the mapping 1 : × → R + defined by 1 ( , ) = ( + − ) , where > 1 is a real number, is a -metric-like on with coefficient = 2 −1 .
Example 10 (see [8] ). Let = R. Then, the mappings :
are -metric-like on , where > 1, ≥ 0, and ∈ R.
Each -metric-like on generates a topology on whose base is the family of all open -balls { ( , ) : ∈ , > 0}, where ( , ) = { ∈ : | ( , ) − ( , )| < } for all ∈ and > 0. Now, we introduce the concept of generalized -metriclike space, or -metric space, as a proper generalization of both of the concepts of -metric-like spaces and -metric spaces.
Definition 11. Let be a nonempty set. Suppose that a mapping : × × → R + satisfies the following:
( 1) ( , , ) = 0 implies = = ;
( 2) ( , , ) = ( { , , }), where is any permutation of , , (symmetry in all three variables);
Then, is called a -metric and ( , ) is called a generalized -metric-like space.
The following proposition will be useful in constructing examples of a generalized -metric-like space. 
are two generalized -metric-like functions on .
Proof. It is clear that and satisfy conditions 1 and 2 of Definition 11. So, we only show that 3 is satisfied by and . Let , , , ∈ . Then, using the triangular inequality in -metric-like spaces, we have
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According to the above proposition, we provide some examples of generalized -metric-like spaces.
Example 13. Let = R + , let > 1 be a constant, and let , : × × → R + be defined by
for all , , ∈ . Then, ( , ) and 
where > 1 is a real number, are generalized -metric-like spaces with coefficient = 2 −1 .
By some straight forward calculations, we can establish the following.
Proposition 15.
Let be a -metric space. Then, for each , , , ∈ , it follows that:
Definition 16. Let ( , ) be a -metric space. Then, for any ∈ and > 0, the -ball with center and radius is
The family of all -balls
is a base of a topology ( ) on , which we call it -metric topology.
Definition 17. Let ( , ) be a -metric space. Let { } be a sequence in . Consider the following.
(1) A point ∈ is said to be a limit of the sequence { }, denoted by
(2) { } is said to be a -Cauchy sequence, if lim , → ∞ ( , , ) exists (and is finite).
Using the above definitions, one can easily prove the following proposition.
Proposition 18. Let ( ,
) be a -metric space. Then, for any sequence { } in X and a point ∈ , the following are equivalent:
Definition 19. Let ( , ) and ( , ) be two generalized -metric like spaces and let : ( , ) → ( , ) be a mapping. Then, is said to be -continuous at a point ∈ if, for a given > 0, there exists > 0 such that Again taking the lower limit as → ∞ in the first inequality and the upper limit as → ∞ in the second inequality, we obtain the desired result.
Main Results
Samet et al. [16] defined the notion of -admissible mappings and proved the following result.
Definition 22. Let be a self-mapping on and : × → [0, ∞) a function. We say that is an -admissible mapping if
Denote with Ψ the family of all nondecreasing functions 
where ∈ Ψ . Also, suppose that the following assertions hold:
(ii) either is continuous or, for any sequence { } in with
Then, has a fixed point.
For more details on -admissible mappings, we refer the reader to [17] [18] [19] [20] .
Definition 24 (see [21] ). Let ( , ) be a -metric space, let be a self-mapping on , and let : 3 → [0, ∞) be a function. We say that is a --admissible mapping if
Motivated by [22] , let 
for all , , ∈ . Then, has a fixed point.
Proof. Let 0 ∈ be such that ( 0 , 0 , 0 ) ≥ 1. Define a sequence { } by = 0 for all ∈ N. Since is a --admissible mapping and
Continuing this process, we get ( , +1 , +1 ) ≥ 1 for all ∈ N ∪ {0}.
Step I. We will show that lim → ∞ ( , +1 , +1 ) = 0. If = +1 for some ∈ N, then = . Thus, is a fixed point of . Therefore, we assume that ̸ = +1 for all ∈ N. Since ( , +1 , +1 ) ≥ 1 for each ∈ N, then we can apply (21) which yields
Therefore, { ( , +1 , +1 )} is a decreasing and bounded sequence of nonnegative real numbers. Then, there exists ≥ 0 such that lim
Since > 1, we deduce that = 0, that is
By Proposition 15(2), we conclude that
Step II. Now, we prove that the sequence { } is a -Cauchy sequence. For this purpose, we will show that lim sup
Using the rectangular inequality with (21) (as ( , , ) ≥ 1, since is a rectangular --admissible mapping), we have
Taking limit as , → ∞ in the above inequality and applying (25) and (26) 
Here, 
If lim sup , → ∞ ( , , ) ̸ = 0, then we get
Since ∈ F, we deduce that lim sup
which is a contradiction. Consequently, { } is a -Cauchy sequence in . Since ( , ) is -complete, there exists ∈ such that → , as → ∞. Now, from (34) and -completeness of ,
Step III. Now, we show that is a fixed point of .
Using the rectangle inequality, we get
Letting → ∞ and using the continuity of and (35), we obtain
Note that, from (21), as ( , , ) ≥ 1, we have
where, by (37),
Hence, as ( ) ≤ 1 for all ∈ [0, ∞), we have ( , , ) ≤ ( , , ). Thus, by (37), we obtain that ( , , ) = ( , , ). But then, using (38), we get that
which is a contradiction. Hence, we have = . Thus, is a fixed point of .
We replace condition (ii) in Theorem 26 by regularity of the space . Proof. Repeating the proof of Theorem 26, we can construct a sequence { } in such that ( , +1 , +1 ) ≥ 1 for all ∈ N ∪ {0} and → ∈ for some ∈ . Using the assumption on , we have ( , , ) ≥ 1 for all ∈ N ∪ {0}. Now, we show that = . By Lemma 21 and (35),
where
, 0} = 0 (see (25) and (35)) .
Therefore, we deduce that ( , , ) ≤ 0. Hence, we have = .
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Remark 31.
It is easy to see that if ∈ Ψ , then we have (0) = 0 and ( ) < for each > 0 and is continuous at 0.
In the next example, we present a class of ( )-comparison functions.
Example 32. Any function of the form ( ) = ln(( / ) +1) for all ∈ [0, ∞) where 0 < < 1 is a ( )-comparison function.
Proof. From the part (1) of Lemma 30, the necessary condition is that the series ∑ ∞ =0 ( ) converges for any ∈ R + . But, for each > 0 and ≥ 1, we have
So, according to the comparison test of the series, we should have < 1. On the other hand, we have
Therefore, for any convergent series of nonnegative terms ∑ ∞ =1 V and each ≥ 0 = 1, we have
For example, for = 2 and = 1/2, the function ( ) = ln( /4 + 1) is a ( )-comparison function. 
for all , , ∈ where ∈ Ψ and
Also, suppose that the following assertions hold:
(a) is continuous and, for any sequence { } in with ( , +1 , +2 ) ≥ 1 for all ∈ N∪{0} such that → as → ∞, one has ( , , ) ≥ 1 for all ∈ N ∪ {0}; (b) assume that whenever { } in is a sequence such that ( , +1 , +2 ) ≥ 1 for all ∈ N ∪ {0} and → as → ∞, one has ( , , ) ≥ 1 for all ∈ N ∪ {0}.
Proof. Let 0 ∈ be such that ( 0 , 0 , 2 0 ) ≥ 1. Define a sequence { } by = 0 for all ∈ N. Since is a --admissible mapping and
Continuing this process, we get ( , +1 , +2 ) ≥ 1 for all ∈ N ∪ {0}. and so we have nothing to prove. Hence, for all ∈ N, we assume that ̸ = +1 .
Step I (Cauchyness of { }). As ( , +1 , +2 ) ≥ 1 for all ≥ 0, using condition (46), we obtain
(48) Using Proposition 15 (2) as ̸ = +1 , we get
Hence,
By induction, since ̸ = +1 , we get that
Let > 0 be arbitrary. Then, there exists a natural number such that
Let > ≥ . Then, by the rectangular inequality and Proposition 15 (2) as ̸ = +1 , we get
Consequently, { } is a -Cauchy sequence in . Since ( , ) is -complete, so there exists ∈ such that
Step II. Now, we show that is a fixed point of . Suppose to the contrary, that is, ̸ = , then, we have ( , , ) > 0. Let the part (a) of (ii) holds. Using the rectangle inequality, we get
Letting → ∞ and using the continuity of , we get
Similarly, using Theorem 33, we can prove following result. 
for all , , ∈ with ⪯ ⪯ where ∈ Ψ and
1 + 2 2 2 ( , , ) } .
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(ii) (a) is continuous; (b) assume that whenever {x } in is an increasing sequence such that → as → ∞, one has ⪯ for all ∈ N ∪ {0}.
Then, has a fixed point.
We conclude this section by presenting some examples that illustrate our results. 
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